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Abstract

These notes present my current understanding of higher-form symmetries and are intended for ped-
agogical purposes. They are continuously updated as I learn more about the subject and are based on
the references listed in references section.
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1 Introduction

Higher-form symmetries generalize conventional global symmetries by acting on extended operators, such as
line or surface operators, rather than local, point-like ones. These symmetries are characterized by topological
symmetry operators, and their action is defined via the linking of the manifold supporting the symmetry
operator with the manifold supporting the charged operator. A key consequence is that the associated
conserved currents become higher-degree differential forms, in contrast to the standard 1-form currents of
ordinary symmetries.

To build intuition, we will first revisit the topological interpretation of ordinary symmetry operators
before extending these ideas to the higher-form case.

2 Symmetry Operators as Topological Operators
In terms of differential forms, the conservation law is written as
dxj=0, (1)

where j is the current 1-form and % : A? — AP~P is the Hodge star map that take a p-form and associates
it to a (D — p)-form. The conserved current is defined as

Q= /dD_lx 4. (2)

In terms of differential forms, we may write as

Q= *J, 3)

Yp-1

where ¥p_; is a (D — 1)-dimensional manifold. We say then that those charges are integrated over a
codimension-1 manifold, which is a submanifold of some D-dimensional manifold. To understand how these
operators act over the fields, we will make use of the Ward identity,

0u{7" ()9 (y)) = =i (z — y)(56(y)).- (4)

Integrating over a D-dimensional manifold 2 with boundary ¥p_1, the left-hand side becomes

/Q dlxjb(y)) = / (%j6(y)) = (Q(Ep_1)6()), (5)

YXp_1

where we have used Stokes theorem. For the right-hand side, we have

—i / dPz 6P (z — y) (56(y), (6)

where we identify,

D:E(S(D):C— _ 0, yGQ
[ dPa 5Pz =y {1, o, ™

as the linking between the point y and the manifold 2. Thus we call
/ dPz 6P (z — y) = Link(Zp_1,y). (8)
Q

Hence
(Q(Ep-1)¢(y)) = —iLink(Xp_1,y)(dd(y)). 9)

What this expression is telling us is that the charge acts on the local field, and it only have non-vanishing
action if the point where the local operator is defined links with the manifold where the charge is defined.



The link is unaffected by deformations, as longs as they do not cross the point y. To see this, suppose that
we perform a deformation of the type ¥ = X 4 Xg, y € Qp. Then

(dx jé(y)) = / (dx jo(y)) + / (dx jo(y)). (10)

o

Qs+ %) = [

QU
Since Link(Xg,y) = 0, then
QS +9%) = /Q (dx o) = Q). (11)

That is the reason why we call these topological operators. The unitary operator is defined by taking the
exponential of the conserved charge,

U9, Sp-1) = expliaaQa) = exp (m / *j) , (12)

where g € GG is an element of some group G and «, are the parameters of the transformation. In the case of
U(1) we have g = e¢*®*. We say then that this is a topological codimension-1 operator.
In terms of the unitary operator, the action over the local operators is given by

(U(9,2p-1)0(x)) = R(9)(O'(x)), (13)

where R(g) is the representation under which the operator O(x) transform. Since operators are defined over
a Hilbert space at a constant time, we cannot compare operators at different times. Since the manifold ¥p_1
need not to be necessarily a spatial slice for general topological operators, the expression only makes sense
inside correlation functions, where we can compare operators at different spacetime points without problem.
What is happening diagrammatically is shown below.

Let U(SP~1) be an operator defined over a (D — 1)-sphere. As we have seen, these operators act over
local operators O(z) and transforms them into another operator O’(x) as shown in the figure

Figure 1: Taken from [I].

The operator U(SP~1) links with O(z) then we deform it until it no longer links. Then we can deform
SP=1 to a point and the reminiscent operator is what we call O’(z).

2.1 O-form Groups

We define the 0-form group G° to be the group composite of the elements ¢ that parametrizes the operator
Ug.
The composition of two topological operators are given by the composition law of the group
<Ug(ZD—1)Ug/(ZD—1)> = <Ugg’(2D—1)>~ (14)

Thus, inserting the composition of topological operators into these correlation functions is equivalent to
insert one topological operator with the composition of the elements. This is called the fusion rule,

Ug @ Uy = Ugyr- (15)

From now on, we will drop the correlation function notation but it is to be understood that it is there unless
it said the contrary. We now give a more formal definition of a 0-form symmetry.



Definition 1 A 0-form symmetry is a codimension-1 operator that is topological and invertible.

Topological means that
Ug(Ep-1) =Uy(Ep 1), (16)

if we can deform ¥ p_; continuously into ¥/, ;. The invertibility property follows from the composition rule
Uy(Sp-1)U; H(Ep-1) = 1. (17)

We may now understand how the topological operator computes the charge of the local operators. Note that
for an operator O(x) with charge ¢, the Ward identity becomes (without the correlators)

9u3" (1)O(y) = 48" (z = y)O(y), (18)
where it was used the fact that O(z) — €'*?O(z). In terms of differential forms,
(dx5)O(x) = ¢6” (2)O(), (19)

where 67 (z) is the Poincaré dual of §°(z — y). Thus for an operator U(SP~1) acting over a local operator
O(x), we have

U(SP~1HO(z) = exp (m /S *j> O(x)

— exp (m /QZ;* j) O() o)
= exp (m /Q ) q5D(x)> O(x)
= exp(iaq)O(z),

where Qp is some D-dimensional manifold with boundary SP~1.

3 Higher-Form Symmetries
With our formal definition, it is easy to generalize the idea to higher-form symmetries.
Definition 2 A p-form symmetry is a codimension-(p + 1) operator that is topological and invertible.

Let’s see why it must be a codimension-(p + 1) operator. Consider the variation of the action when we take
the parameter of the symmetry to be local,

58 = / d*z j,0"A. (21)
For a D-dimensional space and in the language of differential forms, this equation becomes
68 = /*j A dA. (22)

Consider that A is a p-form, consequently dA will be a (p+ 1)-form. Then, in order to match the dimension
of the spacetime, xj must be a (D — p — 1)-form. This implies that the conserved charge will be

Q= *Js (23)

Yp-p-1

and the unitary operator is defined as before

Ug(Ep—p—1) =exp <ia/2 *j) , (24)



where now this is understood as a codimension-(D — p — 1) operator. We now must look at which objects
are charged under those symmetries, that is, which objects the p-form operators act on.
The same rules from before apply here. There is an inverse operator

UQ(ED—p—l)UJI(ZD—p—l) =1 (25)

The group of p-form symmetries GP consists of the elements that parametrize the operator Ugy(Xp_p—1).
Just as before, the composition of those operators is given by

Ug(Ep—p-1)Uy(Ep—p-1) = Ugg (XD—p-1), (26)

which is denoted the fusion rule
Ug@Ugy =Ugg. (27)

Moreover, the p-form symmetry group is abelian for p > 1. This follows because we can deform an operator
over another without ever crossing them.

3.1 Action of p-form symmetries

The “usual” symmetries are now understood as O-form symmetries, because the parameter of the trans-
formation is a closed O-form. The O-form symmetries act over local operators, whose are supported on
0-dimensional regions. This is something we understand from standard QFT. We say then that the local
operators are charged under the 0-form symmetry. We now wish to understand which objects are charged
under p-form symmetries. It is straightforward to note that for p > 1, the p-form symmetry will never act
over a local operator because we can always deform the operator in a way that it doesn’t intersect with the
point. Therefore, the p-form symmetry acts over objects that have a dimension ¢ > p.

Case p=q

For this case, we define an operator Uyg(Xp_p,—1) over a (D — p — 1)-dimensional manifold that links with
some operator O(M,,) defined over a p-dimensional manifold. Then we deform Uy(Xp_p—1) over O(M,),
leaving behind a local operator O(z) as before. We can assume that the only local operators that can be
inserted along the manifold M), are multiples of the local identity operator. Thus, we may say that these
multiples are complex numbers ¢(g),

¢(g) €C*, C*=C\{0}.

The action of the operator U, over O is represented below.

Ug Uy Uy

O(My) O(My) O(My)

Figure 2: Taken from [I].

The composition of the group induces a composition of those functions ¢(g),

P(9)¢(g") = o(99')- (28)



Therefore the functions ¢(g) form a 1-dimensional representation of the p-form group GP. Since GP is
an abelian group, from Schur’s Lemma we know that every irreducible representation of this group is 1-
dimensional, then the functions ¢(g) form precisely the irreducible representation of the group GP. There-
fore, the operators O(M,,) transforms under the fundamental representations of the p-form group, which
shows that the charged objects under p-form symmetries are extended operators supported on p-dimensional
manifolds.

We can easily generalize the result we have seen before for the computation of the charge of the operator.
For some charged operator O(X,) with charge g € Z we have

(dx§)O(Ep) = ¢d”7(5,)O(Ep) (29)

where §77P(3,) is the Poincaré dual of the delta function defined on Xp. Hence, for extended operators we

have
Ug(SP7HO(Ep) = exp(iag)O(SP7H). (30)

To summarize our results, let us study a U(1) gauge theory in D dimensions.

3.2 U(1) Gauge Theory in D dimensions

Let A be a 1-form U(1) gauge field with
F = dA, (31)

where F'is a 2-form. In D = 4, this is precisely Maxwell theory. From we have
dF =d* (xF) =0. (32)

Therefore the Noether current then is the (D — 2)-form, xF. The conserved charge is

QM = /22 *(xF) = /22 F, (33)

and the unitary operator is

U (5) = exp <m /E 2 F) . (34)

The index m appears because we call this the magnetic symmetry. For p > 1-forms we integrate the charge
over a D — p — 1 manifold. Since this is 2-dimensional manifold, D —p — 1 =2 = p = D — 3. Thus, the
magnetic symmetry is related to a (D — 3)-form symmetry.

The other conservation law follows from the “Maxwell” equations,

dxF =0, (35)

which implies that in this case the conserved current is the 2-form, F'. The conserved charge is
@-[ . (36)
D—2

And the unitary operator
Uj(Xp-2) = exp (ioz/D 2*F> . (37)

This is the electric symmetry. In this case, D —p—1 = D — 2 = p = 1. Then, the electric symmetry is a
1-form symmetry, independent of the dimension.

Therefore, this U(1) gauge theory has 2 higher-form symmetries, an electric I-form symmetry and a
magnetic (D — 3)-form symmetry. We represent then the symmetry group as

U(1)e x U(1)m. (38)



In D = 4, the charged objects under the electric 1-form symmetry are the Wilson lines W, (L),

Wy(L) = exp (iq / AL) : (39)
where ¢ is the charge of the Wilson line. Using we have
(dx F)W,(L) = 6"~ (L)W, (L). (40)

This shows that the electric 1-form symmetry measures the charge of the Wilson line.

The charged objects under the magnetic (D — 3)-form symmetry are the t Hooft lines T(Xp_3). Using
the same idea, we can show that the magnetic (D — 3)-form symmetry measures the magnetic charge of the
't Hooft line.

4 Discrete Gauge Symmetries

Discrete gauge symmetries are related to symmetry transformations that belongs to discrete groups, rather
continuous. It can be better understood in terms of higher-form symmetries. Before we understand how this
works, we need to introduce two concepts, the Pontryagin dual and the Screening of operators.

4.1 Pontryagin Dual

For some p-form symmetry group G we may define the homomorphism

¢:GP) S U(1). (41)
These maps form a group,
¢(9)¢'(9) = (¢¢')(g9) € U(1). (42)
We denote this group by N
G = {all homomorphisms G») — U(1)}. (43)
Let us ilustrate this idea with two examples.
Example: GP = U(1)
Define the homomorphism as, ,
¢(g9) =g? =€ a€0,27), g€ L (44)
Let
$2(9) = ¢° (46)
$3(9) = g°- (47)
The composition gives,
¢1(9)92(9) = ¢3(9)- (48)

This is the composition rule of the Z group. Therefore the Pontryagin dual for U(1) is

G =7, (49)



Example: G? =Zy
In this case, g = e N, Defining the homomorphism as

2mwiag

p=gl=e ~ . (50)
Take N = 3 and let
P1(9) =y (51)
$2(9) = g°. (52)
The composition gives
$1(9)92(9) = ¢1(9)- (53)
Which is the composition rule of Zy. Therefore
GP) =7Zy. (54)
That is, the Pontryagin dual of Zy is the group itself.
Double Pontryagin Duality
Since
¢:GP - U(1), (55)
we can take R
0:GP - U(1). (56)
Note that ¢(g) € U(1) and ¢(é(g)) € (1), then
G = a») (57)

4.2 Screening

Definition 3 A p > 1-dimensional operator O, can be screened into another operator O,, if there exists a
(p — 1)-dimensional operator O,_1 that can be inserted between O, and O,,.

0, . 0,
Opf 1

Figure 3: Taken from [I].

If O, can be screened to the identity we say that it was completely screened.

Screening implies in the same charges. Note that if two operators O, and (92/9 are screened, we can deform
the symmetry operator to measure the charge of O, or the charge of O},. But since this deformation do not
cross the regions where the operators are defined, this implies that the charges measured must be equal. The
figure below represents this idea



Op Op

O} -1 = Op—l

C Dws
I
0, 0,

Figure 4: Taken from [I].
If two operators carry different charges, they cannot be screened into another.
As we have shown, the charges are given by phases. Each phase gives a different charges, that is
Q:G» - U®). (58)

Therefore, the charge operators are elements of G®). Thus, we may define an equivalence class of operators
with the equivalence relation ~ characterized by wether these operators can be screened into one another,

0, ~ O,

We define the set D,,, where each element of this set is an equivalence class of screened operators. Therefore,
there must exist p-form symmetries that distinguish different elements of D,. The elements of D, are
precisely the different charges that some operator may have, then

G — D,,
which implies
G» =D,
Hence
Q(Op) = [Op] € Dy. (59)

Example: Maxwell Theory in the presence of matter fields

We have seen in Maxwell theory that we have a 1-form symmetry and a (D — 3)-form Symmetryﬂ But in
order to have those symmetries, we evaluated the theory in the vacuum, that is

d*j=0.

The question that one can ask is: what if we add matter? We can understand the behaviour using the
concept of screening.
We have seen that in the vacuum case, the Pontryagin dual were

G' =1z,
GP3 =1Z.
Therefore,

D, =7,
Dp_3=7.

1 Actually, Maxwell theory is specifically in D = 4, in which we have two 1-form symmetries. But for simplicity we just keep
calling this way.



Suppose now we add a matter field ¢(z) with charge N € Z. We may use the operator ¢(x) to screen the
Wilson lines

Wy

Figure 5: Taken from [I]

We say then that ¢(z) is a non-genuine operator.

Definition 4 (Non-genuine operator) A non-genuine g-dimensional operator is an operator that is at-
tached to a collection of p > q-dimensional operators.

We must introduce this non-genuine operators because ¢(x) and W, (L) are not gauge invariant,

¢(z) — "M () (60)

W, (L) = exp <2m'q/L A) — exp <2m'q/LA - ;“;) — W, exp (—iq /QL A) . (61)

Thus, assuming that 0L = z,

and

W)(L) = e ""MOW, (L). (62)

Therefore the product ¢(z)W, (L) is gauge invariant. With this, we can screen several Wilson lines by adding
powers of ¢V

Figure 6: Screening of several Wilson lines using powers of ¢.

Thus, the group of all unscreened operators will be given by the total number of Wilson lines minus the

number of screened Wilson lines,
Z

=Nz
Note that ZZ counts the number of screened Wilson lines because, since they have the same charge, the
charges add up N times. Taking the Pontryagin dual

Dy (63)

Dy =Zn =7Zyn =GW. (64)

Then, we conclude that, adding a matter field with charge N breaks the global 1-form symmetry U (1) — Zy.
The term “break” is not quite correct since gauge symmetries are not in fact symmetries. The correct term
that can be found in the literature is that the symmetry groups is Higgsed-down to Zpy. Moreover, this
does not happen with the (D — 3)-form symmetry since this symmetry is associated with a codimension-2
operator that does not have a trivial link with the Wilson line.
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4.3 BF Theory

An interesting example that involves the application of this concepts is the BF theory. For simplicity, we
will treat this theory in 2+1 dimensions.

We start with a U(1) gauge theory in the UV with a matter field with charge N. In the presence of
matter, the symmetry is broken, by the Maxwell equations, which implies that

(¢) = v.
As we have seen, the symmetry is higgsed down from U(1) to Zy. We parametrize the field as
¢ = pe'?, (65)

with (p) = v. We have a gauge symmetry for ¢ — ¢ + Na, with @ ~ a 4+ 27. The kinectic term in the
Lagrangian is

L= 0,0(0" )" = (Oup + ipdup) (0" p — ipd" ) = 0,upd" p + p* 800" . (66)

For our purposes, it is sufficient to consider the dynamics of the phase only. In the Higgs phase, we expand
the field around its minimium

p=p+v, (67)
and the gauge invariance requires the minimal coupling. Hence the Lagrangian becomes,
L= (,6+v)2(8ﬂ<p—NAM)(G”QD—NA“). (68)
At low energies, we have that
p="u —+ ﬁ ~ v, (69)
then
L =v*0,p — NA,) (0" — NA"). (70)
In terms of differential forms
L =v*(dp — NA) Ax(dp — NA), (71)
where the Hodge star appears to get the correct dimensions when integrating. In the IR, v?> — oco. This
ensures )
A=—d 2
4 (72)

which implies

/Ndcp—fQWé—/AEf (73)

in the Lagrangian , it is hard to understand the behaviour at low energies. In order to understand, we
dualise the ¢ field by introducing a 2-form H with the equation of motion

*xH = 4miv*(dp — N A). (74)
Then the Lagrangian becomes,
1
L= (47r)2t2*H/\H+fH/\(dgo NA). (75)
The equation of motion for ¢ implies
dH =0, (76)

which means that the 2-form H is closed an there exists a 1-form B such that
H = dB. (77)

We now can take the IR limit in ,

L =-—dBA(dp — NA). (78)
2w

11



Integrating by parts, we get the BF Lagrangian

iN
Lpr = %B A dA. (79)

From our construction, it is easy to realize that this is a Z discrete gauge theory. The gauge transformations
then are

A — A+ da, (80)
B — B+ dA. (81)

The 1-form field B is also Higgsed-down to Zy. To see this, consider the Lagrangian,
1 i ~
= —FAxF— —FA(dA—- NB). 2
L=gaFAxF = FA( ) (82)

The second term appears because, since B also has a gauge transformation, then there must exist some field
A charged under B. Integrating out A we recover F' = dA. The equation of motion for F' leads to

ie?

F=_—(dA- NB).
WP = ) (83)
Substituting back in the Lagrangian we obtain
2 ~ ~
L£=-5_(dA— NB)Ax(dA - NB). (84)

872

This Lagrangian has the same functional form of the Lagrangian that we have started with ¢. Thus, this
shows that the field B also is Higgsed down from U(1) to Zy.
Therefore, this theory possess two gauge symmetries

¢ — ¢+ Na, with A - A+ da

L Both Higgsed-down to Zy (85)
A— A+ N, with B — B+ dA

Let us compute the conserved charges. From the action
N
Spp = o / BAdA. (86)
2

The equations of motion for B leads to
dA=0=d*(xA) = 0. (87)
Then, the conserved current is
Q= [a (89)
¥
where v is a curve. If we instead write

N
Spr = —’2— ANdB, (89)

™

and compute the equations of motion for A, we get
dB =0, (90)

with the conserved current given by

QL(B, (91)

12



where v/ is also a curve. The unitary operators are
Ua(y) =€/, (92)
Us(y) =/ 7. (93)

Therefore, the conserved quantities of the 241 BF theory are the Wilson lines for the A and B fields. Note
that this theory, just as Chern-Simons, is purely topological, i.e, it does not involve the metric.
With this, we can understand the behaviour of the ground state. We rewrite the action in components

Spr = % / d3ze'? B0, A,, (94)
and choose the gauge Ag = By = 0. Thus
iN o iN 3 . .
SBF = —d’zx €]BiAj = — d x(BlAg — BQAl). (95)
2T 2
The canonical momenta are
Iy =15 =0,
1_8A1_ o % (96)
I = oL _ ﬂBl.
8142 2m
And the commutation relations
[Ai(2), 11 (y)] = i6i;0(x — y), (97)
lead to
2
[A1(2), Baly)] = — 8z — ),
2
[As(a), Bi(y)] = -6(x — ), (98)

[A1(2), 115 (y)] = [As(2), IT{ ()] = 0.
This implies that W4 and W2 do not commute. To see this, take the product,

WAWE = exp (i/dm1A1> exp (i/dy232> ) (99)

WAWE = exp (i/dz1A1 +i/dy232 + ;dxldyQ[Al,B2]>

-
= WEWAexp (—;}Z) /dxldy262(sc —y).

and use BCH formula
(100)

Hence o

WAWE = e T WBwWi. (101)
On the other hand, since W4 and W are symmetries, they commute with the Hamiltonian. Therefore the
energy eigenstates are also eigenstates of W4 and W5, but it cannot be the same eigenstate for both, since
WA and W are do not commute. This reveals that our theory has a degeneracy. To see how degenerate it

is, apply an energy eigenstate |n) in (102)),
WAWE n) = e~ F WEWn) = wie™ ¥ W), (102)

where w? is the eigenvalue of Wi, Now apply W& N times in this equation. We can use the commutation
relation to change the order of the operators and each time we do this, we get a phase, obtaining

WAWL)YN n) = w(WP)N|n). (103)

This shows that after N applications, W.® becomes an eigenstate of W;' and therefore we no longer have a
degeneracy. This shows that this degeneracy is of order N.
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